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Abstract 

We present and study C*-algebras generated by "periodic weighted 
creation operators" on the Fock space associated with an automor- 
phism a on a C*-algebra A. These algebras can be viewed as general- 
ized Bunce-Deddens algebras associated with the automorphism and 
can be written as a certain direct limit. We prove a crossed product 
presentation for such an algebra and find a necessary and sufficient 
condition for it to be simple. In the case where the automorphism is 
induced by an irrational rotation (on C(T)) we compute the K-theory 
groups and obtain a complete classification of these algebras. 
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1 Introduction 



The purpose of this paper is to to present and study a class of C*-algebras 
generalizing the Bunce-Deddens algebras. 

Recall that the Bunce-Deddens algebra B{{nk}), associated with the 
sequence {n^}, is a quotient (by the compact operators) of the C*-algebra 
generated by all weighted shifts (with respect to a fixed basis) of period 
for some k > 1 (^2j). In fact, for a fixed A: > 1, the C*-algebra of all weighted 
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shifts of period Uk is isomorphic to the algebra of all x matrices 
over the Toeplitz algebra and its quotient by the compacts is isomorphic 
to M„j.(C(T)). Thus the Bunce-Deddens algebra is a direct limit of the 
algebras M„^(C(T)). 

A natural noncommutative generalization of the unilateral shift is ob- 
tained by considering creation operators on Fock Hilbert space. These oper- 
ators were studied in applications to quantum physics and in free probability. 
More recently, creation operators, and the algebras that they generate, were 
studied in the context of Fock spaces of C*-correspondences ( also called 
Hilbert C*-bimodules). This was initiated by M. Pimsner ([]^) and fol- 
lowed by several other authors (e.g. j j |1I , ^21 )• 

In a recent paper, D. Kribs introduced the concept of periodic weighted 
shifts on the full Fock space associated with a Hilbert space of dimension N 
The C*-algebra that he obtained (taking the appropriate quotient of 
the C*-algebra generated by all periodic weighted shifts of period ) is a 
direct limit of algebras of the form Md^{Oj^k) where are certain integers 
and O^k is the Cuntz algebra ( with generators). 

In the present paper we start with an automorphism q on a C*-algebra 
A and form the (full) Fock space J- associated with the pair {A, a) (i.e. 
associated with the bimodule ^A). As Pimsner showed in JHl) the C*- 
algebra generated by the creation operators on this Fock space is the Toeplitz 
extension ,T{A, a), of the crossed product A x^Z. Letting K[J^) denote the 
compact operators on T (in the sense of compact operators on a C*-module), 
the crossed product is the quotient of T(j4, a) by K{T). We shall define the 
concept of "periodic weighted creation operators" (more precisely, we define , 
in Definition 12. H weighted representations of qtI on J^) and consider the C*- 
algebra generated by all these operators with a fixed period n. This algebra 
turns out to be isomorphic to Mn{T{A,a^)) and, taking an appropriate 
quotient, we get Mn{A x^n Z). Now let {n^} be an increasing sequence 
of positive integers with n^lrifc+i. Considering the C*-algebra generated by 
all "periodic weighted creation operators" of period for some k > 1 and 
taking an appropriate quotient we get a certain direct limit of the algebras 
Mn^{A Xa^k Z). We shall write Bai{nk}) for this C*-algebra. It can be 
thought of as a "generalized Bunce-Deddens algebra associated with (^4, a)" . 
The details of this construction are presented in Section |2l We also show 
there that the algebra depends, up to an isomorphism, on the supernatural 
number of {n^} (and not on the sequence itself). 

In Section|21we study the structure of the algebra Ba{{nk})- We present 
necessary and sufficient conditions for it to have a unique tracial state (The- 
orem In Theorem \'AA\ we show that the algebra Ba{{nk}) can also be 
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written as a crossed product C{X,A) x^-Z. We then use it in Theorem 13.51 
to prove a necessary and sufficient condition for simphcity of the algebra. 

In Section |1] we speciahze to the case where A = C{T) and a is an 
irrational rotation by ( so that ^4 Z is the irrational rotation algebra 
Ag). In this case we use the notation Bg{{ni:}) for the algebra in order to 
emphasize the dependence on 9. It follows from the previous section that 
the algebra is simple and has a unique tracial state r. We show that the Kq 
and Ki groups of the algebra are both isomorphic to (5(5) 0Z (where 5 is the 
supernatural number of the sequence {n^} and Q{5) is the group of rational 
numbers that can be written as a quotient m/rik for some h). We also find 
that the image of the map r*, defined on the Kq group, is Q{5)-\-9'Z. It then 
follows that two such algebras, with 9i, 92 and supernatural numbers 5i, 82 
are isomorphic if and only if 5i = 82 and either 9i + 92 or 9i — 92 belongs to 
Q{Si) (Corollary 1121). 

2 Preliminaries 

Let ^4 be a (unital) separable C*-algebra and let a be a unital automor- 
phism of A. Write E =a A for the C*-correspondence associated with this 
automorphism. As a vector space, E is simply A. The bimodule structure 
is defined by 

a ■ b ■ c = a{a)bc. 

Here a, c are in A and 6 is in A viewed as an element of E. The inner product 
is 

{bl,b2)=blb2. 

This makes E into a C*-correspondence in the sense of jB]. It is easy to 
check that E^'' =^k A and the isomorphism of E^'' O E^"" onto 
is given by 

Vk,m{a(^b) = a"'{a)b 

for a G^fc A and b E^m A. In what follows we tend to suppress Vk^m and 
identify the two spaces. 

The Fock space associated with ^A = E is 

J^{E) =A(BE®E^^®.... 

As a C*-module it is just the direct sum of infinitely many copies of A. To 
distinguish between elements of ^kA for different fc's, we write 5k for the unit 
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of A viewed as an element of ^^kA. Thus Ska would be a as an element of ^kA. 
The Fock space has a left action that makes it into a C*-correspondence: 

0oo(a)(5fc6 = 5ka^{a)h. 

We shall denote the Fock space associated with by J^^^^ and the left 
action there by 

Every a in £^ defines a shift operator on (= T{E)) by 

T{a)5kh = 5ia ® Skb = dk+ia'^{a)b. 

(In the last equality we omitted the reference to Vi^k-) 
A similar operator on ^('^^ will be denoted T^^) (a) . 

Definition 2.1 Let A = {Aj : 1 < i < 00} be a bounded sequence of positive 
elements of A . The weighted representation of E on is 

Tx{a)Skb = Sk+ia''{Xk+ia)b 

for a,b £ A. The weighted representation will be said to be periodic of 
period k if for all i > 1, Xi+k = \- 

Note: the word "representation" above refers only to the fact that it is 
a representation of ^ as a right module over A (i.e. Tx{a ■ c) = Tx(a)^oo(c) 
for c G A and a G E). 

Note that every operator on can be written as an infinite matrix 
(with respect to the decomposition of as an infinite direct sum). It will 
be convenient to denote by aSij the operator that maps 5jb to Siab (for a in 
A). 

Also we shall write 5" for T(l) (hence SS^a = dk+ia). 

Definition 2.2 The C*-algebra generated by the operators { (l)"^{A) , 
T^'^^^kA)} on JF^'^) is called the Toeplitz algebra associated with a*^ and will 
be denoted . Since J^^^^ is a subspace of !F , each 7^ can be viewed as a 
subspace of C{T). 



Lemma 2.3 Given k >1, the C*-algebra generated by all the periodic rep- 
resentations of period k (on J^) is isomorphic to the algebra of all k x k 
matrices over 7^. 
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Proof. We start by setting some notation. We can write 

Let us write Miion E®^ ® Tk <l <k - 1. Then T = M^® M\®---® 
M.k-\- Every operator on T can be written in a matricial way with respect 
to this decomposition. We shall write Xe^ for the operator whose z, j entry 
is X {X maps TWj into M.i) and all other entries vanish. 

Note that , for all < / < /c — 1, (/>oo(^)-Mi ^ M.i so that the matrix of 
0oo(a) for a € A is diagonal. For every b € E, Tx{b) maps into Mi+i if 
I < k — 1 and it maps Aik~i into A^o- Hence its matrix has non zero terms 
only on the first lower diagonal and in the 0, A; — 1 entry. 

Now write 

fc-i fc-i 

i=Q j=0 

For a (z A and < I < k — 1, the /, / entry of </>oo(o) is 

a\a)du + a^+''{a)5i+k,i+k + ■■■ = S\a^{a)5oo + a''+\a)5kk + • • ■)S*^ = 

For 6 € -E, the / + 1, / entry of Tx{b), for / < /c - 1, is 

a^{Xi+ib)5i+i^i + a^-^''{Xi+i+kb)5i+i+k,i+k + ■■■■ 
Since A is of period k, this is equal to 

a^{Xi+ib)Si+ij + a''{a''{Xi+ib))6i+i+k,i+k + ■■■ 
= S'+\a\Xi+ib)6oo + a'+'(A/+i6)5fc,,. + • • ■)S*' (1) 
= S'+^<p'^^\a\Xi+ib))S*' G S'+^TkS*K 
For the 0,k — 1 entry of Tx{b) we get 

(a^-i(Afc6)4,o + a^''-Hmhk,k + ■ ■ O^*^'"'^ = 

= r(^') (Afc6))5*(^-i) G Tfc5*(^-i). (2) 

Now write Ak for the C*-algebra generated by all the periodic representa- 
tions of period k. It follows from the above that Ak Q B. We shall now 
show that, in fact, the two algebras are equal. 

Fix < j < k—1. Setting Aj = 1 if i = j+l{mod k) and Aj = otherwise, 
we find, using O and 0, that S^+^<l)''^\a^ {b))S*^ ej+ij = Tx{b) G Ak- 
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Since this holds for all 6 in ^, we conclude that, for all a G A and every 
< J < A; - 1, 

5^-+V^)(a)5*^^e,+i,, G A. (3) 

Similarly, by setting Aj = 1 if ? = (mod k) and Aj = otherwise , we find 
that 

T('^){E)S<''-'ho,k-iQAk. (4) 
Thus, for every b,ai, . . . Uk-i in A we find that T(^)(6)5*^'^'^^^eo,fc-i, 

(ofc-i)5*^''"^^efc_i,fc_2 , •••and S0^^(ai)ei,o aU lie in Ak- Multi- 
plying them, we see that TW(6)(/.^)(afc -1 • • • ai)eo,o lie in Ak- 

Thus r('=)(£;)eo,o ^ Ak- Since {X : Xeo,o E Ak} is a C*-algebra, 

?fceo,o Q -Ak- (5) 

Setting, in 0, a = 1 we find that S^+^S*^ej+ij lies in Ak (for < j < fc-1). 
It follows that 

S^+^ej+i,o = {S^^^S*hj+i,j){S^S<^-^hj,j^i) • • • 5ei,o G Ak- 

Finally, for < i, j < /c — 1 and X in 7^., 

5^X5«ei,,- = (5Je,,o)(Xeo,o)(SVi,o)* E 

Hence B = Ak- But is clearly isomorphic to Mk{Tk) and the isomorphism 
is given by conjugating by the (isometric) matrix diag{l, S, S"^ , - - - , S^~^). 

□ 

Suppose n, m are two natural numbers with n\m and let A be periodic 
of period n. Then A is periodic of period m and this implies that An ^ -Am- 
using the isomorphisms of Lemma 12.31 we get an injective *-homomorphism 
f5n,m '- Mn{Tn) — > Mm{%n)- In the next result we describe this map. In 
what follows we keep the notation set up in the proof of Lemma 12.31 

Lemma 2.4 Let n,m be two natural numbers with n\m. Write k = m/n. 
Then the restriction of Pm,n to Tneofi is defined by 

k~l 

i=o 

for a £ A and 

fc-2 

/3n,n^(^(")(6)eo,o) = 5]0^)(a^■"(6))eo•+l)„,,„ + ^(-)(a('=-l)-(6))eo,^ 

j=0 
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for b e E. 

Also, for < J < n — 1 we have 

k-l 

Pn,mi(^i,j) ~ ^ ^ (jj+lnj+ln- (6) 
(=0 

Proof. In the following W6 slicill write tj^ for tlie isomorphism tj^i i — ^ 
Mn{Tn) of Lemma [T^ Fix < j < n — 1 and let Ap be 1 if p = j + l{mod n) 
and be otherwise. Then (by equations and ©) the matricial form of 
Tx(l) as an element of An is S^'^^S*^ ejj^i^j. Thus 77„(Tx(l)) = Cj+ij. Using 

and again, this time with m instead of n, we find that the matricial 
form of rA(l) as an element of Am is YaZq S^+''^+^S<^+''^hj+ni+ij+ni and, 
thus, r/m(T\(l)) = J2 ^j+ni+i,j+ni- Equation © for i = j + 1 follows. Since 
Pn,m is a *-homomorphism, (jH)) follows for all 

Now let A be defined by Ap = 1 if p is a multiple of n and is equal to 
otherwise. Then, for b ^ E, the matricial form of Tx(a^^"(6)) as an element 
of An is T(")(6)5*("-i)eo,n-i (hence r,n{Tx{a^-'' (b))) = r(")(6)eo,„_i ) and 
its matricial form as an element of Am is r(™)(a'^*^~-'^)"'(6))S'*(™^-'^)eo,m-i + 
Ezt'i'5^"0^^(a'~n&))5*^'""'^eta,/„_i (and therefore r]m{Tx{a^-'' (b))) = 
r("')(«^'"'^"(^))eo,m-i + Ef=iV~^(a'-n^))ezn,in-i). It follows that 

k-l 

/?n,m(T(")(6)eo,n-i) = r(-)(a(^-i)"(6))eo,..-i + j;0(^)(a'-^(6))e;„,;„_i. 

1=1 

Since 

T(")(6)eo,o = (TW(6)eo,n-i) • en_i,„-2 • • • ei,o 

and, 

</'^)(a)eo,o = (rW(l)eo,o)*r(")(a)eo,o, a € A, 

a straightforward computation, using the fact that Pn,m is a *-homomorphism, 
completes the proof. 
□ 

Corollary 2.5 For n\m the map (3n,m, described above, maps TnCij into 
J2'i=o %nei+in,j+in where k = m/n. 

In fact, define the map 6n,m '■ %i Mk{Tm) by 

k~l 

^n,™(0^)(a)) = 5]0(^)(a^-'^(a))e,,,- 
i=o 
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for a & A and 



k-2 
j=0 

for b e E. 

The matricial form of the elements of Am was with respect to the de- 
composition 

= Mo® ■ ■ ■ ® Mm-l 

where A4i = (E> J-m- As a C*-module over A each Mi is isomorphic to 
J-m- Thus any permutation of these spaces defines a unitary operator on 
J-. Let U be the operator arising from the permutation (0, 1, . . . , m — 1) i-^ 
(0, n, . . . , (/c — l)n, 1, 2, . . . , m — n — 1, m — 1). Then we have the following. 

Corollary 2.6 With the notation above, 

The following lemma follows immediately from the definition of the maps 
/3n,m (or by a straightforward tedious computation using Lemma 17!^ . 

Lemma 2.7 For positive integers n,k,l we have 

Pnk,nkl Pn,nk Pn,nkl' 

It is known that the Toeplitz algebra 7^ is an extension of the crossed 
product algebra of ^ by a", Ax^nZ. The Toeplitz algebra contains the alge- 
bra K{J^n) of all compact operators on the C*-module Tn (where "compact" 
is in the sense of C*-modules theory ) which is isomorphic to A(^ K (where 
K denotes the algebra of compact operators on a separable Hilbert space). 
The quotient space Tn/K{J^n) is then isomorphic to the crossed product. 
One can also check (see e.g. 0) that the ideal K{Tn) is generated by the 
set (j);^ {A)Pq where Pq is the projection of J-n onto the first summand of 
J^n (i.e. A) . 

We now compute, for a, 6, c in A and k>l, 

{cpoo{ac*) - T{a{a))T{a{c))*)6kb = 5ka^{ac*)b - T{a{a))6k-ia^{c*)b = 
= 5ka^{ac*)b - 5ka^{ac*)b = 
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and, for k = 0, 

{4>oo[cLC*) — T{a{a))T{a{c))*)5ob = 5oac*b. 

Hence, 

(Pooiac*) - T{a{a))T{a{c)y = 0oo(ac*)Po- (7) 

Lemma 2.8 For every positive integers n,m with m/n = k £ 7j the map 
Pn,m induces a map, denoted jn.m, from Mn{A x^n Z) into Mm{A x„m Z). 

Proof. Using Corollary 12.61 it suffices to show that a similar statement 
holds for the map 6n,m- For this, we have to show that 9n,m maps K{J^n) 
into Mk{K{Tm))- We compute, for a,cG A, 

e„,^(<^(2^(ac*) -T(")(a-(a))rW(a"(c))*) = 

k-1 

= ^'^^^(a^'"(ac*))ejj - r('")(a('=-i)"(a"(a)))T("^)(a(*^-i)"(a"(c)))*eo,o 

j=0 

k-2 

-^</>(^)(a^-"(a"(ac*)))e,+i,,+i = 
i=o 

= (0(^)(ac*) -T(-)(a™(a))T(-)(a"(c))*)eo,o. 
From the discussion preceeding the lemma it now follows that 9n,m maps the 

set (j)^oo\A)Po into Mk{K{!Fm))- Since this set generates the ideal K{Tn), 
the claim follows. 
□ 

Let 

7m, n bs the map defined above and let qn and Qm be the quotient 
maps on Mn{%i) and Mmi%n) respectively (induced by q). Recall that 
li'Poo {a)) = a for a € ^ and q{T^'^^{l)) = n* ( where Un is the unitary that, 
together with A, generates A x^^n Z and satisfies (a), a G A). 

Then it follows from the definition of Pn,m that 7n,m is defined by 

k-1 

7n,m(aeo,o) = y^a'"(a)e;n,;n 

1=0 

for a G A, 

k-2 

7n,m{Un) = Ume(k-l)n,0 + X/ ^ln,{l+l)n 

1=0 
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and, for < z, j < n — 1 




^i+ln,j+ln- 



1=0 

We now write B{n) (or Ba{n) if we want to emphasize the dependence 
on a) for the algebra Mn{A x^n Z). 

Definition 2.9 Suppose that {n^.} is an increasing sequence of positive in- 
tegers such that divides n^+i for k > 1. The Bunce-Deddens algebra of 
a is the direct limit 



Recall that an element 'Jfc'uJ^ in the crossed product is if and 

only if ak = for every k. It follows from this and the definition of jn,m 
that this map is injective . We can, thus, write the limit algebra Ba{{nk}) 
as the closure of the increasing union [JB{nk)- 

Note that the analysis above shows that, for every /c > 1, we have 



Biuk) = Mn,{A X„n, Z) ^ Mn,{%,)/Mn,{K{Tn,)) = AnjK{T). 



It follows that Ba{{nk}) is isomorphic to the quotient of ^An^ by K{J^). 
Recall that UAm. is the C*-algebras generated by all periodic representations 
of perion for all /c > 1. 

Proposition 2.10 Let {n^} and {rrij} be increasing sequences of positive 
integers for which n^jn^+i and mj\mjj^i for all j, k > 1. Write 5{nk) and 
S{mj) for the corresponding supernatural numbers. If 6{nk) = 6{mj) then 
Ba{{nk}) and Ba{{mj}) are isomorphic. 

Proof. The proof is standard. For each k, Uk divides some nir and the 
map 7nfe,m,. is the inclusion of -B(n/c) into B{mr). Since the latter algebra 
is contained in B{{mj}), we find that every B{nk) is contained there. Since 
this holds for all k, B{{nk}) C B{{mj}). Equality follows from symmetry. 
□ 

the converse of the proposition above holds in some cases (see Corol- 
lary but not in general, as we see in the following lemma. 

Lemma 2.11 Suppose A is a unital C*-algebra such that A is isomorphic 
to Mp{A) for some positive integer p. Let {n^} be an increasing sequence as 
above and let a = id (the identity automorphism). Then 



^a{{nk]) = lim^{B{nk),-fi 



) 



B^di{nk}) = B^di{pnk}). 
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Proof. Since a = id, A x^^ Z = A (S) C(Z) for all n. Making these 
identifications, the maps 7nfc,nfc+i (for the algebra now satisfy 

(when we write nik for nkj^i/n^) 

rrif^ — l 

7nfc,nfc+i((a <S) l)eij) = ^ (a l)ei+ini^j+in^ 

1=0 

for a A, and 

mk—2 

7nfc,nfc+i((a «) 2;)eij) = {a(g> z)ei+(^^_i)„^j + ^ (a l)ej+„^;j+„^i+i) 

where z is the identity function on T. The maps ypn,,,pn^+i (for the other 
algebra) can be written similarly. Write ip for the isomorphism ip : A ^ 
Mp{A). It induces an isomorphism from A (g) C(T) onto Mp{A (g) C(T)) 
defined by 

t{a (g) /) = ^ (V'(«)i,i ® 

0<jj<p-l 

For every positive integer k we write for the isomorphism from Mk{A 
C(T)) onto Mfcp(A (g) C(T)) defined by applying t to each entry. Hence, for 
< r,q < k — 1, 

tk{{a ® f)er,q) = ^ {i^{a)i,j (S> f)ei+rp,j+qp- 
0<i,j<p-l 

To prove the claimed isomorphism it suffices to show that, for every k > 1, 

7pnfc,p?ife+i O tnf, = tn^j^^ O 7nfe,nfe+i- (8) 

The required isomorphism in this case is lim^ . To prove (jHI it is enough 
to apply both sides to elements of the form (a ® z)eQfl and (a ® l)er,g for 
a ^ A. The computation is straightforward and is omitted. □ 

3 The structure of Ba{{nk}) 

Proposition 3.1 Ba{{nk}) has a unique tracial state r if and only if A 
has an a-invariant tracial state tq and for every k > 1 this is the unique 
a^f' -invariant tracial state on A. 

Moreover, in this case, r is faithful if and only if tq is. 
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Proof. Let tq be an a"' -invariant tracial state on A. For every 
k > 1, let be the canonical conditional expectation of the crossed product 
A Xcfifc Z onto A and write = tq o f'^. If A: > ^ then Tk is a tracial 
state on the crossed product ( faithful if tq is). For such k and an element 
X = (xij) of the Uk X rifc matrices over the crossed product A x^'' Z, we 
set fk{X) = l/nk{Y^Tk{xii)) and this defines a tracial state on B{nk) (that 
is faithful if tq is). To show that these traces define a tracial state on the 
direct limit it is left to show that for every k > I, 

n+io Pnk,nk+i = n- (9) 

For X = aeo,o we have (set m = n^+i/n^), 

m—l 

= l/nfcro(a) = ffc(aeo,o)- 

For X = u„j.eo,o we have, 

Since every tracial state on M„j,(j4 x^^k Z) is determined by its values on 
elements of the form Xeo.o {X G A Xa"k Z), this proves ©. Thus, we 
constructed a tracial state r on Ba{{nk}) that is faithful if tq is. Write 
r = $/(to). So maps a"' -invariant traces of A to traces of Ba{{nk})- It 
follows from the definition of that it is one-to-one. 

To go in the other direction, fix a tracial state r on Ba{{nk}) and define, 
for y in A Xa"k Z , Tk{y) = ^/nkT^yeofi) (where eo,o is an element of B{nk))- 
Note that we have the following. 

-rfc(n„J = l/nfcT(u„^eo,o) = l/nfcT(7„^,„^^^ (n„^eo,o)) = 

m-2 

where m = nk+i/rik- The last term is equal to because we evaluate r 
there on matrices whose diagonal entries are all zeros. It follows that = 
{Tk\A) o £^ ; i.e. Tk is determined by its values on A. Now set ^'a;(t) = Tk\A 
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for a E A. Since is a tracial state on A Xa"k Z, it follows that *fc(r) is 
Q^fc -invariant. 

Now suppose that Ba{{nk}) has a unique tracial state r. Let tq be 
^i(t). Then it is an a-invariant tracial state on A. Fix k > 1. Suppose Tq 
is another (different) a"*^ -invariant trace on A. Then $jfc(ro) 7^ $jfc(To) (since 
$fc is injcctive). But this contradicts the assumed uniqueness of traces on 
Ba{{nk}). This proves one direction. Note also that if r is faithful then so 
is To (which is, roughly speaking, a restriction of r to a copy of A). 

For the other direction, let tq be an a-invariant trace with the uniquness 
property stated in the proposition. Write r = $i(ro). Then r is a tracial 
state on Bai{nk})- Suppose r' ia also a tracial state on Bai{nk}) that is 
different from r. But then, for some k > 1, the restrictions of r and r' to 
B{nk) are different. Since a trace on B{nk) = Mn^.{A Xct"k Z) is determined 
by its values on matrices of the form yeo,o for y € A x^^k and since, as 
we saw above, these values are determined by the restriction to elements of 
the form aeo,o for a G ^4, we find that ^'^(r) 7^ \I'fc(r'). But this contradicts 
the uniqueness property of tq. In the construction of $i(to) above it was 
noted that if tq is faithful so is $i(ro). 

□ 

We shall now proceed to show that the algebra Ba{{nk}) is isomorphic 
to a crossed product algebra of the form C{X, A) x„7j. 

In order to define the space X, fix a sequence {n^} of positive integers 
with nk\nk+i for all fc > 1 and with ni = 1. Set nik = nk+i/uk, let 
Xi = {0,1, ... ,mi — 1} and let X be the Cantor set X = YiiZi ^i- We can 
think of each element x oi X either as a sequence {xi} or as a formal sum 

XiHi. We write ao for the odometer action on X. For x € X let i{x) be 
the smallest i for which Xi < rrii — 1 (and i{x) = 00 \i xi = rrii — \ for all 
i). Then, if i{x) < 00, (To(x)j = for all i < i{x) , o"o(x)j(^) = a;j(^) + 1 and 
co{x)i = Xi for i > i{x). If i{x) = 00, <Jo(x) = {0,0, . . .}. It is known that 
this map is a homoemorphism on X. 

We consider the cylinder sets 

J{xi,X2, . . . Xk) = {y e X : yi = Xi l<i<k}. 

Then ao{J{xi, . . .,Xk)) = J{yi, ■ ■ ■ ,yk) where 

k k 

i=l i=l 

Given (yi, . . . with < < mj — 1, we write for the function 

in C{X, A) which is 1 (the unit of A) on J(yi, . . . , yk) and otherwise. For 
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an element a E A we shall write (by a slight abuse of notation) also a for 
the function in C{X, A) that is constantly equal to a. For k >2 write 

Ck = {f &C{X,A) : f{x) = f{y) whenever {xi, . . . ,Xk-i) = {yi, ■ ■ ■ ,yk-i)} 

and, for A; = 1, Ci = ^ (where A is viewed as the algebra of all constant 
functions in C{X,A)). Then C C^+i and 

C(X,^) = Lj|i^. 

Now define the automorphism cr on C {X, A) by 

a{f){x) = a{f{a^Hx))). 

We shall show that Ba{{nk}) is isomorphic to C{X,A) x^Z. To do this, we 
write U for the unitary that , together with C{X,A), generates the crossed 
product and let, for every k > 1, be the C*-algebra generated by Ck and 
U. For a given k and < j < — 1, write j for (ji, . . . ,jk-i) satisfying 
Yliijlf^l — 3- Note that we have 

W5oU*^ = u\5o) = do o a-' = 6^ 

for < j < nfe — 1. For j = rik a similar argument shows that 

Lemma 3.2 The algebra Qk is the C*-algehra generated by the algebra A 

(as a suhalgehra ofCk), the operator SqW^^So and the operators of the form 
U'doU*^ forO<i,j <nk-l. (For k = 1 we let do be I). 

Proof. Write for the algebra defined in the statement of the lemma. 
Since the function 8q lies in C^, it follows that T>k ^ Qj^. Given f G Ck and 
< j < n/c - 1 we write aj = f {31,32-, ■ ■ •) where j = jm . Then 

/ = E«^■<^J = E«^■^''^oc/*^'■ 
j=o 3 

Thus CkQVk. Also 

j=0 j=0 
nfc-2 

= E U^^'^^oU^* + {SoU'"'do){SoU^'"'-^>). 

j=0 

Thus U € Vk, completing the proof. □ 
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Lemma 3.3 Fix k > 1 and define the map 

Pk : Mn^{A x„nfc Z) Qk 

by 

Then pk is a *-isomorphism onto Qt- 

Proof. Note first that, since aSo belongs to Ck, the image of pk hes 
in Qk- Write x = au^^^eij and y = bul^^ep^q for a,b £ A, r,l £ Z and 
< i,j,q,p < nfc — 1. We compute (assuming for simplicity that j > p) 

Pk{x)pk{y) = U»a6oU^'''^W*moU^''+'i = 

= U*'a6oa^-P+'"^^{b)6i-pU"''-^+''^-P+^+'i. 

If j p, xy = and the computation above shows that also pk{x)pk{y) = 
because 5o'5j-p = in this case. Suppose p = j. Then the computation 
above shows that 

Pk{x)pk{y) = C/«aa"^'(6)5oC/"'=('+'-)C/'^ = pfc(aa"'='(6)<+'-e,,,) = 

= /'fc(au^fc&<^ei,g) = Pk{xy). 
Thus Pk is multiplicative. To show that pk is a *-map we compute 

= /)fe(a"'=^(a*)<'^ej,,) = pkHaui^ei^j)*). 

Note that 

if p = i and q = j and it is equal otherwise. Thus 

UP6n^-pPk{Y,a^,jU^'^eiJ)6n^-^U*'^ = ap,g6oU'"''^^'' . 

Hence, if Pki"^ ^i,jUn^ eij) = 0, then Oij = for all i,j. Thus pk is injec- 
tive. The fact that the map is onto follows from Lemma 13.21 . (Note that 
W5oU*^ = U<^^-'HoU^'^-i = pk{en,-i,n,-j))- 
□ 
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Theorem 3.4 Let {uk} be an increasing sequence of positive integers with 
nfc|?7-fc_|_i (and ui = \). Then the algebra Ba{{nk}) "is *-isomorphic to the 
algebra C{X,A) x„Z. 

Proof. To construct the isomorphism we first show that, for every k, 

/5fe = Pfc+l 7nfc,nfe+i- (10) 

Fix k and write m = nk/n^+i- It will suffice to apply both maps to a 
generating set of Mn^{A x^^k Z). In the following computations we shall 

write (5j^^ instead of (5j as before, to indicate that j = (ji, . . . , jp_i) is of 
(p) 

length p — 1 (and is an element of Cp). For a S ^ we have 

m—l 
1=0 

Also, 

m-2 

Pk+1 7nfe,nfc+i('Unfceo,o) = (""n^+i e(m_i)„j^ ,o) + E Pk+li(^lnk,{l+l)nk) = 

1=0 

m-2 

/ ^ 

1=0 

m-2 

= St^'^U-^ + E C-In.^"^- = = P.(^n,eo.o). 

1=0 

For every < z,j < — 1, 

m— 1 
1=0 

This proves (|10() and it follows that we have a *-homomorphism p : I3a{{nk}) 
C{X,A) Z whose "restriction" to B{n}^) is pk- Since each map pk is 
injective, so is p. It is left to show that p is onto. Since the image of pk is 
Qk, it amounts to showing that the (increasing) union of the algebras Qk is 
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dense in the crossed product. But each of the algebras Qk contains U and 
we know that C{X, A) is the closure of the union of the algebras C^. Hence 
the density of LiQk follows. 

n 

Theorem 3.5 Let {n^} be a sequence of positive integers with nk\nk+i and 
Hi = 1. Then the algebra Ba{{nk}) is simple if and only if, for every k > 1, 
A is a^'' -simple (i.e. it has no proper closed two sided a'^'' -invariant ideals). 

Proof. Suppose that there is an m > 1 and an a""" -invariant proper 
ideal J Q A. Then J is also a"*^ -invariant for all k > m. For every such 
k, the closed ideal of A x^n^ Z generated by J will be written J^. Then 
Muki^k) is an ideal (closed and proper) in B{nk). It is easy to check (using 
the definition of 7nk,nk+i) that 

(M„JJfc))CM„,^,(Jfc+i) 

and, in fact, 

ln,,nk+i{Mn,{Jk)) = M„,^^ ( Jfe+i) H 7„,,„,^, (M„, (A X^n^ Z)). 

Hence J := \im^ Mn^.{Jk) is a non zero ideal in Ba{{nk})- It also follows 
that, for k>m, JnB{nk) = Mnk{Jk)- Thus J ^ Ba{{nk})- 

We now turn to prove the other direction. We assume that A is 0"*=- 
simple for all A; > 1. We start by showing that C{X,A) is a-simple. Let 
/ C C{X,A) be a cr-invariant ideal in C{X,A). Since 

C{X,A) = [JC'k 

where Ck (as defined above) form an increasing sequence of subalgebras, it 
follows that 

i = u{inCk). 

Write Ik = / n Cfc . The algebra Ck can be identified with C(nf=i^ Xi, A) and 
Yl'lZi is a finite set with Uk points. Thus there are Uk ideals {Ik,j '■ < 
j ^ nk — 1} in A such that 

j=0 

We have 

<^(X ^J'^j) = ^°'i(^j)i^i°'^o^) = X +aKfc-i)'^o- 

j=o j=o 
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Hence the cr-invariance of Ik implies that 

a{Ik,j) ^ h,j+i 

for all < J < nfc — 2 and 

"(4,nfc-i) Q hfl- 

Thus, for all j, we have 

It follows from our assumptions that, for all < j < — 1, I^^j is either 
A or {0}. In fact, the relations above show that either = A for all j 
or /fcj- = {0} for all j. It follows that is either Ck or {0}. Since {Ik} 
is an increasing sequence whose union is dense in /, either I = C (X, A) or 
/ = {0}. This proves that C{X,A) is cr-simple. In order to prove that the 
crossed product of C{X, A) by a is simple it is left to show that the Connes' 
spectrum of o", T{a)^ is the full unit circle . (See Theorem 8.11.12]). 

Let A and C{X^A) be the set of equivalence classes of the irreducible 
representations of A and C{X,A) respectively. For every x G X and an 
irreducible representation r of ^ one can define an irreducible representation 
^ = ^(x,t) of C{X,A) by vr(/) = T{f{x)) and, conversely, every irreducible 
representation of C{X^A) is equivalent to some 'K(^x,t)- Moreover ti and T2 
are equivalent if and only if the corresponding vr's are equivalent (for the 
same x). Also, t^[x,ti) ^iid T^(y^T2) inequivalent whenever x ^ y. Hence 
we can write 

cIxTa) = {vr(^,^) : X G X, r G i}. 

The automorphism a induces a map on C (X, A) which we also denote by a 
(and similarly one has a map a on j4). Then 

Suppose now that, for some n G Z, (T"'(7r(2. ,-)) = 'K(^x,t)- Then it follows that 
(7q{x) = X. But this is possible only if n = (from the definition of (Tq) 

and, thus, a acts freely on C{X,A). We now use Theorem 10.4 of (Hj ( the 
equivalence of (i) and (v) there) to conclude that T{a) = T, completing the 
proof. □ 

Proposition 3.6 The algebras -Bo({nfc}) and Ba-i{{n-k}) o'^e isomorphic. 
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Proof. One can prove the proposition by constructing isomorphisms 

between Bain^) and ^„-i(nfe) that are intertwined by the connecting maps 
in the direct limit. We prefer here to use the crossed product presentation. 
So let X = Y\{0, . . . ,mk — 1} (where = nfc_|_i/nfc) and let ctq be the 
odometer map as above. Recall that we defined a : C{X,A) C{X,A) by 
a{f){x) = a{f{a^\x))). Write a'{f){x) = a-^fia^^x))). Then 

Bai{nk})^C{X,A) x,Z 

and 

B^-i{{nk})^C{X,A) X,, Z. 

We shall write U for the unitary operator that satisfies UfU* = cr{f) for 
/ G C{X,A) and such that C{X,A) and U generate the crossed prod- 
uct. Similarly we shall write V for the unitary operator that, together with 
C {X, A) , generates the other crossed product and satisfies 

VfV* = a'if), feCiX,A). 

Now define a map 5 on X by 

9{xi,X2, ■■■) = {mi - 1 - xi, m2 - 1 - X2, . . .). 

Then 5 is a homeomorphism of X. It is also easy to check that 

o (To = (7(7^ o g. 

Let be the map from C{X, A) x^Z into C{X, A) x^/Z defined by setting 

*(/) = / 05, f&C{X,A) 

and 

qf{U) = V*. 

We have, for / in C{X,A), 

V*^{f)V{x) = a'-\f o g){x) = a{f o g{ao{x))) = a{f{a^\g{x)))) = 

= a{f)og = ^>{a{f)). 

Hence the map \I' is a well defined *-homoniorphism on C{X, A) x„Z. Simi- 
larly, by replacing the roles of a and a~^, one can define a *-homomorphism 
that is the inverse of completing the proof of the proposition. □ 
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4 Example : Bg{{nk}) 



In this section we discuss the special case where A = C(T) (the continuous 
functions on the unit circle), is a fixed irrational number and a = ag is 
the irrational rotation by 9. Identifying T with M/Z we can write 

ae{fm = f{t-e). 

The algebra C(T) x^Z will be written (as is costumary) Ag and the resulting 
limit algebra, Bai{nk}) will be denoted Bg{{nk}). It follows immediately 
from the results of Section|21that this algebra (for a given increasing sequence 
{uk} of positive integers each dividing the next one) is simple and has a 
unique trace ( denoted r). 

Given a sequence {n^} as above, we shall write S{nk) (or simply 5 if the 
sequence is fixed) for the associated supernatural number and Q{6{nk)) (or 
Q{5)) for the group of all rational numbers that can be written as a quotient 
m/uk for some m € Z and A; > 1. It is known that this group depends only 
on the supernatural number of the sequence. 

Theorem 4.1 Let 9 be an irrational number and {n^} be a sequence of 
positive integers with dividing Uk+i and ni = 1. Write 5{nk) for its 
supernatural number and for the set of all non negative real numbers. 
Then 

(i) KQ{Bg{{nk})) is isomorphic, as an ordered group, to {Q{5{nk)) + 6'Z, 
(g(5(nfc))+0Z)nM+). 

(a) Let T^, be the map on KQ{Bg{{nk})) induced by the unique trace. Then 

n{Ko{Bg{{nkm = Q{6{nk)) + 9Z. 

Proof. Since B{nk) is the algebra of x matrices over the irrational 
rotation algebra An^g, the ordered group KQ{B{nk)) is order isomorphic to 
(Z + 0Z, {'L + nk9'L) nM^). Let tq be the tracial state on C(T) that one gets 
by integrating with respect to the normalized Lebegue measure (and then 
the unique trace r on Bg{{nk}) is $i(to) in the notation of Proposition 13. Ij) 
then we write (as in Proposition 13. 1() = TQo£k (where £k is the conditional 
expectation from An,.g to C(T)) and fk for the induced trace on B{nk). Let 
j : An^g B{nk) = Mn,^{An^g) be the map j{X) = Xeo,o- Then is an 
isomorphism of the Kq groups and, since fk o j = (l/nfc)r, we have 

ih)* °3* = — [Tk]*- 

nk 
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Recall that we denote by Un^. the unitary that, together with a copy of C(T) 
generates the crossed product C(T) Xag^^ ^ = ^en^ ■ Thus can be 
identified with the operator of rotation by Orik on L^(T). 

It is known that (r^)* is an order isomorphism from KQ{Agnf,) onto 
Z + OrikZ ([T| 10.11.6] or jlll Example 5.8]). It follows that (ffc)* is an iso- 
morphism of KQ{B{nk)) onto (l/nfc)Z + OZ,. Write for the map 7ru.,nfe+i 
and (7a,.)* for the map it induces on the groups. Hence 

(7fc)* : K^{B{nk)) ^ i^o(SK+i)). 

We have fk+io'^k = fProDosition l3.1|) and, thus, (Tfc+i)*o(7A.)* = (f^)* 
and the map 

lim(ffc), : lirnKo(^K)) 

is a well defined order isomorphism into M. In fact, since r = lim_^ (Propo- 
sition l^Tj) . the map lim^(fA.)^, is r*. We also know that \\m.^ KQ{B{nk)) is 
isomorphic to KQ{Bo{{nk})) as ordered groups (11, Theorem 6.3.2]). It 
follows that 

n : K^iBeiirik})) ^ M 
is an order isomorphism. Its image is 

U((l/nfc)Z + eZ) = Q{5{nk)) + OZ. 

□ 

Corollary 4.2 We have B0-^{{nk}) = Be^{{mk}) if and only if 5{nk) = 
(5(mfc) and either Oi + 62 or 9i — 62 lies in Q{S{nk)) (= Q{5{mk)) )■ 

Proof. Assume first that the condition on the supernatural numbers 
and the ^'s holds. It follows from Proposition 13.61 that we can assume that 
9i — 62 lies in Q{5{nk)) (replacing 62 by —62 if necessary). Then, for some 
^ ^ li nkOi — nk92 lies in Z. In fact, nfii — n;02 G Z for every I > k. The 
algebras A^^ei and A^^gj are then isomorphic. In fact, if we write for this 
isomorphism and apply ipi entry wise we get an isomorphism ipi of BQ^{ni) 
onto B0^{ni). These isomorphisms intertwines the connecting maps and we 
get an isomorphism of the limit algebras. 

For the other direction, assume the two algebras are isomorphic. Write 
r] for the isomorphism 7] : iSe^dn^}) — > Bo^druk})- If t is the unique tracial 
state on Bg^{{mk}) then rory is the unique tracial state on Bgj^{{nk}). Using 
Proposition 14.11 we have 

g(,5(nfc)) + 0iZ = (To,7),(Ko(^?ei(K}))) =n(r/*(Ko(^?ei(K.})))) = 
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= n{Ko{Be,{{mkm = Q(5(m,,)) + ^2^. 

It follows that, for every A; > 1, there are I > 1 and p, c in Z such that 
^/nk = p/mi + Since 02 is irrational, c = and nk\mi. This shows that 
(5(nfc) divides 5{mk) and , by symmetry, they are equal. Hence 

Q{6{nk))+eiZ = Q{6{nk)) + e2'L. 

Thus there is some A; > 1 and integers a,b,c,d such that 9i = b/uk + fi^2 and 
02 = c/uk + dOi. Combining these equalities we find that ad = 1 . Hence 
either a = d = 1 (and then 9i — 62 ^ Qi^i^k))) 01 a = d = —1 (and then 
01+02 GQ(<5(nfc))). 
□ 

One can also compute the Ki group of the algebra Be({nfc}) using the 
continuity of Ki. 



Proposition 4.3 For every and {n^} as above, 



Proof. It is known that Ki{An,^0) = Z © Z for every k > 1 and the 
generators of the group are the class [un^ ] of the unitary Un^, and the class 
\v\ where v is the function in C(T) defined by v{z) = z ( 3, Example VIII. 5. 2] 
and 10.11.6]) . Fix /c > 1, write m = Uk+i/rik and7fc for the map 7„j,^„j.^^. 
The Ki group of M„j. (An^e) is again Z©Z and the generators are the classes 
of Uk := Un^eofi + Yl]5^ and Vk := veo,o + Z]j=i ^ We compute 

m-2 

IkiUk) = ^nfe+ie„j^(m_i)^o + e/nfc,(Z+l)nfe + ^ Cj^i 

and 

m—l 

lk{vk) = ^ aznfce(i')e«nfc,«nfc + ^ei,i 

where the last sums in both equations run over all integers < i < rik+i — 1 
that are not multiples of n^. But then it follows easily that 

{lk)*{[Uk]) = [Uk+l] 

and 

{lk)*{[vk]) = m[vk+i]. 
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Hence, viewing (7^)* as a map from Z © Z to Z © Z, we have 

ilk)* ■ {a,b) ^ {nk+i/nka,b). 

Using the continuity of Ki Proposition 8.2.7]) we get the resuh. 

□ 

We close with the observation that every matrix algebra over an algebra 
of this class is again an algebra of this class. The precise statement is 
presented in the following proposition. 

Proposition 4.4 For every p S N, 

MpiBearik})) = Be/p{{pnk}). 

Hence, for p > 1, the algebras Bg{{nk}) and Mp(;Be({nfc})) are non isomor- 
phic. 

Proof. Write 

Bg{{nk}) = lim{Bg{nk),'yk) 
where 7^ stands for 'ynk,nk+i- Then 

Mp{Bg{{nk})) = lim{Mp{Be{nk)), {jk)p) = lim(Mp(M„, (^^nj), {lk)p) 
where (7fc)p is defined by applying 7^ entrywise. We also have, 

i39/p{{pnk}) = lim{B0/p{pnk),Jk) = lim(Mp„ J^(e/p)p„J, 7^) 

where 7^ is 7pnfe,pnfe+i- An element of Mp(M„j. (Af/^^.)) can be written, in an 
obvious way, as an prik x puk matrix over Agn^ ■ Now perform the canonical 
shuffle on the matrix by applying the permutation 

tk : {0, . . . ,pnk-l) ^ (0,p, 2p, ...,(nfc-l)p, ,p{nk-l)-l,pnk-l) 
on the rows and columns of the matrix. This defines an isomorphism 

V'fc : Mp(M„,(^e„J) ^ Mp^JAgnJ 

that satisfies 

V'fc+i o (7fc)p = 7fc o V'fc ,k>l. 

The map ip := lim-f/^fc is the required isomorphism. 

The last statement follows from Corollarv 14.21 since 9 — 9/p is irrational. 

□ 
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